Mechanical Vibrations
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q Free Vibration

® General physical system:

second law as follows:

® Consider the masses springs system shown:

a X4 4_52
% k k k :
m —WW— 2m —WW—E
7777777 77T ‘
1 kx [T | ka=x2) —
Figure (1)

The equations of motion can be obtained using Newton’s

_/




Free Vibration

|

mx, = —kx, + k(x, - x,)
2mx, = —k(x, - x,) = kx,

mx, +2kx, —kx,=0
2mx , +2kx,—kx, =0

m 0 ||x] 2k —k ||x,
+ =(
0 2m||x, —k 2k ||x,

M{X} +K{X} =()

(5.1.1)




q Free Vibration

For the normal mode of oscillation, each mass undergoes harmonic motion of the same fre-
quency, passing through the equilibrium position simultaneously. For such motion, we can Jet

x,=Asinot or Ae"

, | (512)
Xx,=A,sinwt or A

Substituting these into the differential equations, we have

oy 2t oo
2 2l fspocor
2 2HE e

(K-0™M){A}=0
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Free Vibration

(2 = o’'m) ~k [A,] _ 0]
[ -k (2 - 2m?m)] 4,] [0 514)
This equation is satisfied for any A, and A, if the determinant of the above equations is zero.
2k-o'm) -k | _ -
-k (2k-20'm)| y (.15)

Letting o’ = A and multiplying out, the foregoing determinant results in a second-degree algebraic
equation that is called the characteristic equation.

k 3(k\
2—3—.\+—(—)=0 L.
A (m) 2\m (5.16)
The two roots A, and A, of this equation are the eigenvalues of the system:
r
n=(2 - 3\/5)-’5 - 063~
\2 2 m m (517)
(3 1.7\ k k -
— -I+—- — . —
b=|3 zvﬁ)m 2.366




Free Vibration

y - -— g

and the natural frequencies of the system are

w, = A}/? = \,’{}.634 r%

A2 = 1’2.366%

From Eq. (5.1.3), two expressions for the ratio of the amplitudes are found:

Aok Zk-2um (5.1.8)
Substitution of the natural frequencies in either of these equations leads to the ratio of the
amplitudes. For wi = 0.634k/m, we obtain

A (1) k 1
— = = = (0,731
r(A;) 2k — wim 2 - 0634

which is the amplitude ratio corresponding to the first natural frequency.
Similarly, using w3 = 2.366 k/m, we obtain

_ ( A, ){1? Kk _ 1
A, 2k ~ adm 2 — 2.366 _
for the amplitude ratio corresponding to the second natural frequency. Equation (5.1.8) enables
us to find only the ratio of the amplitudes and not their absolute values, which are arbitrary.
If one of the amplitudes is chosen equal to 1 or any other number, we say that the amplitude

ratio is normalized to that number. The normalized amplitude ratio is then called the normal
mode and is designated by ¢(x).

@,

= =273




Free Vibration

The two normal modes of this example, which we can now call eigenvectors, are

| =" - 2]

Each normal mode oscillation can then be written as

) 0.731) .
R i P

wf=0634 % 273

w} = 2366 %

FIGURE 5.1.2. Normal modes of the system shown in Figure 5.1.1.

x, |@ -273] .
{;;} Y = A;_,{ 1.00 }sm (et + 4s)

These normal modes are displayed graphically in Fig. 5.1.2. In the first normal mode, the two
masses move in phase; in the second mode, the two masses move in opposition, or out of phase
with each other. :

~/




Free Vibration

S

k| = »{.'
T m=m
x(0) ko= nk
m,=m
kA
I](r} k; S
”

(a) First mode

(b) Second mode
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Free Vibration

We now describe the rotational system shown in Fig. 5.1.3 with coordinates 6, and 6, measured
from the inertial reference. From the free-body diagram of two disks, the torque equations are

1,6, = —K,6, + K)(6, - 6,)
18, = —K,(6, — 6,) — K,6,

Ky Ke Ky
. Yy J2
\ | b
Kiat szz"?'d [[ !% éﬁaez
| Jy %
FIGURE 5.1.3.
(K, + K, -K, ]
} " [ -K; (Kz + K.‘l) {

o o)

LIS

6,
6,

-1

0
0

}

(5.1.9)

(5.1.10)




q Free Vibration

The matrix

)
0 J
15 known as the mass matrix and the matrix

[(K1+K:] -K, ]
‘Kz (K2+K3)

is known s the stiffness matrix. Both of these matrices will be discussed in detail in Chapter 6.
A few points of interest should be noted. The stiffness matrix is symmetric about the diago-

nal and the mass matrix is diagonal. Thus, the square matrices are equal to their transpose, L€,

k"= [kl and m] = [m] In additional, for the discrete mass system with coordinates chosen at

each mass, the mass matrix is diagonal and its inverse is simply the inverse of each diagonal ele-
ment, ie., [m] ™" = [1/m]




Free Vibration

EXAMPLE 5.1.3  Coupled Pendulum

In Fig. 5.1.4 the two pendulums are coupled by means of a weak spring k, which is unstrained
when the two pendulum rods are in the vertical position. Determine the normal mode vibrations.

FIGURE 5.1.4. Coupled pendulum.

Solution Assuming the counterclockwise angular displacements to be positive and taking
moments about the points of suspension, we obtain the following equations of motion for small
oscillations '

ml*f, = —mgl6, — ka¥(6, — 6,)
ml*8, = ~mgl, + ka*(6, - 6,)




q Free Vibration

which in matrix notation becomes

1 08
ml[ﬂ J

.9.2] . {(kﬂl_la’fﬂ) (h;figl]}{ﬂ;];lg] 510 '

Assuming the normal mode solutions as

—9 b=Acosat o A

b= Acosat  or  Ag"




-

Free Vibration

the natural frequencies and mode shapes are

f ko
ol bty

() 0l
o 4
A A

1]

Thus, inthe first mode, the two pendulums move in phase and the spring remains unstretched. In

the sccond mode, the two pendulums move in opposition and the coupling spring i actively
involved with a node atits midpoint. Consequently,the natural frequency is higher




Free Vibration

EXAMPLE 5.3.2

Determine the normal modes of vibration of an automobile simulated by the simplified 2-DOF

system with the following numerical values (see Fig. 5.3.5):
W=3201b [, =45f Kk = 24001b/ft
W,

=27 h=551t k= 260010/t
r=4ft I=101ft
I...--"' r._[,r. ~i4 La --.._\‘
~{ £ ._?x_._._’”ggr_l—“i
\!“-' /.1'_ 1 kz/
FIGURE 5.3.5.
x-L. 8 ¥ 1.
1
i B
a VA

—_—

x+L219
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Y F. =MX

e, (x —L,8)—k,(x +L,0) = M& "y *\,g\lL 5
M+ (k, + k) +(k,L, —k,L )0 =0 % ’

> M =I,0
k,(x —L,O)L, —k,(x +L,0)L, =1_.0
1,6 +(k,L>+k,L) )0+ (k,L,—k L )x =0

Mx+(k, +k,))x +(k,L,—k,L)0 =0
]Gé+(k1L12 +k2L22)9+(k2L2 —kL)x =0

(M 0 |(X (k) +k,) (kyLy—kiLy) |(x 10
0 IGHQ}+ (kyLy—kiL) (kL7 +k,L,7) {9}_{0}

(k,+k,)-Ma’ (k,L,—k,L,) x] [0
(k,L,—k\L) (kL +k,L,)-I,0" 0] [0




] (ksz _lel)

(ksz _lel)

Mode —shape :

((ky +ky) =M )x +(k,L, —k,L,)0 =0 -

(k,+k,)-Mo*

(k, +k,)-Ma’

(lel _ksz)

(ksz _lel)

(kL +k,Ly)7 )1,

(ksz o lel)

(kL +k,L) )~ 08

3N

v =1k, +k,)-Mo, )Ly, =

1

2
Q

(lel _ksz) \

ol 1o

=0—>w ..o

nl?~“n2

X (k\Ly —k,L,)
0 ((k,+ky)-Mo’)

J

((kl +k2)_Ma)n22)

e

1

J




w, = 6.90rad/s = 1.10 cps
w, = 9.06rad/s = 1.44 cps
The amplitude ratios for the two frequencies are

(’-ﬂ“) = -146ft/rad = —3.06in./deg

(%) = 1.09 ft/rad = 0.288 in./deg

The mode shapes are illustrated by the diagrams of Fig. 5.3.6.

In interpreting these results, the first mode, w, = 6.9 rad/s is largely vertical translation
very small rotation, whereas the second mode, w, = 9.06 rad/s is mostly rotation. This sug
that we could have made a rough approximation for these modes as two 1-DOF systems.

T rrriiiviiyy




L} Forced Vibration

® General physical system:

® Consider the masses springs system shown:

4

F =F, sin(ot)

K3
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Forced Vibration
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/—} Forced Vibration

[(kn _kz:ﬂlmz) (kn _klinzmg)]{il} i {1;]}
[Z(w)]{ij _ {El}
15} 2

ik a0, Zmen )
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Forced Vibration

(kzz —mza)z)Fl
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Forced Vibration
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Q} Semidefinite Systems

Semide fnite systems are also known as unrestrained or degenerate systems. Two examples
of such systems are shown in Fig, 5.17. The arrangement in Fig. 5.1 7(a) may be considered
to represent two railway cars of masses m; and m, with a coupling spring k. The arrange-
ment in Fig. 5.1 7(c) may be considered to represent two rotors of mass moments of inertia
J; and J> connected by a shaft of torsional stiffness k..

M k
LS O O N \_/
A R\ Shaft
Rotor 2 Rotor 1
(turbine) (air blower)




Q} Semidefinite Systems

® Example

e Sol.

'_’ -‘5](;)

H’I]

00—

'_, (1)
)

MO T T T TS

}_> xy(1)

1y

= k(xy— Xx|) <= m,

R

mx; + k(x; —x2) =0

mg:l:z + A{ X9 — -l.']:] = ()




Q} Semidefinite Systems

mpx; + k(x; — x5) =0
msyXxs + k(x2 — x1) =0 (5.36)
For free vibration, we assume the motion to be harmonic:
xft) = Xjcos(wt + ¢)), j=12 (5.37)
Substitution of Eq. (5.37) into Eq. (5.36) gives

(—me® + k)X, — kX, =0

—kX; + (—mow® + k)X, =0 (5.38)

By equating the determinant of the coefficients of X; and X, to zero, we obtain the fre-
quency equation as
o mymyw® — k(my + my)] =0 (5.39)

from which the natural frequencies can be obtained:

k + m
HyMa




q Energy Method

Lagrange Equation

| —

Ly 2
dt

o Beacbammbeadt .10 o R SRR
ax, ﬁJ.'. e y ey

L=T-Vv llloslll L=T-01

N
oW = 2 Q:6q, = Q6q; + Q,6, + -

=1
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fori =1,

d(9T)_oT
dt acjl aQr

Energy Method
Example |
q‘_- qa'_-' qa—-
# k k k
Fowm ] Fwn e win] s
T =

1 * 2 i *2 1 )
imqy 2 M4 4 + 3myq3

— 1 i 1 ,
U =3kqi + 3kl — 4))° + 3ki(a; — q0)
oT U _ 0
aq,
aT al
9L v _ T
a9, g, 191~ K ‘i'zl g
T _ . 0 d ( ﬂ] -
0, v ar\ag, 1




q Energy Method

myq, + (k, + k;))g, — kg, =0

=l 22 01 2 1, 22
I'=35mqi +,:3myq; +3myq;

U =ikt + 3kl — @))* + 3ks(a; — ¢2)°

_‘ .
For i = 2, we have

oT m.q —d—(a—t) m.,q.
ad, 24 dr \ aq, 292
all |

— = g(qz - ql) - ks(q?. - QE)

a9, .

m,q, — kyq, + (k, + k3)q, — kyq; = 0




q Energy Method

‘“l *I 1 -1 L -I
I'=:5mqi +,:3mq; +3myq;

U= %quf’ + %kz(‘h - ‘.51'1)2 + %ka{qz — *?2)2

fori =3,
T omgy ()= mg
aq3 3q3- dl‘ 6é3 3‘}'3
olU
1 — =kilg; — q)
6‘@'3_ 3\q3 2

"13&'3 — kyq, + kyg; =0
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0 0 my|lqg;

% k k k
Z—va—-%—ﬂ\/\ﬁfv-mz—'v\&\,—ma

myqy = ksq, + kyg; = 0

m, 0 0 ](4q, (k, + ky)
0 m 0 g, + —k;

Energy Method
mq, + (k, + ky)q, — kyq, = 0
m,q, = k,q, + (k; + k3)q,

— kiq; =0
—k, 0 |
(kz + ka) "ka
_ka ka ]
qy—

|

q,
q,
UE

}




q Energy Method

Example 7.3.2

Using Lagrange’s method, set up the equations of motion for the system shown in Fig. 7.3.2,

FIGURE 7.3.2. -

Solution The kinetic and potential energies are
= bmi? + 443
U = 3kq; + ;K(rg, — q))°
and from the work done by the external moment, the generalized force is
W = M(1)dg, .. Q,= M)




q Energy Method

o

| d .
i =1, —-(mg,)~0+kq, ~k(rg,~¢,)=0
mq, +2kq, —krg, =0 T =3mq} + 3743
U = 3kq; + :K(rq, — q,)
I |

I||=|2] E(Jq'z)—0+kr(rq2 —q,) = M(t)

Jq, +kr g, —krg, = M(t)

k3] 3 e
D J (}‘2 _-kr k!’z_ q:

|
e,
-
"

M(2)




q Energy Method

® Example

L
4

e
C

l;f.t-—i-—ﬂl




/—+ Energy Method

T = 'mi® + U8

V = tk(x — LLOY + lk(x + LLBY

L ='ms* + 116* = Yk(x - \LOY — lk(x + LL8)

oW = JW{I) of




/H Energy Method

L="'me+ 416 — bk(x — \L8Y — Lk(x + {L8)

5}(%5)“3?9'
d

= (m) + [!c(x - i Le){l) - k(_r + % Lﬂ)m] =0

[0 o]+l ae o)l




L} Energy Method h

* Example A Sl Lo JKs e G 5 eid 315 OLE a1




q Energy Method

mx," +kx,+ kxy =0
2mx," 4 3kx; +kx, =0
7 el dEd

3k —2me®  k 0
LN PP PPN S
| & k-me 0 iflllixdiriclinf

3k - 2mw* k
k k —mo*

2%
2k +2m’0* -Smkow’ =0—> 0, = Smlz J_r3mlz = "
’ 4dm 4m L
2m
)« | 1 1
“Lo=1, 2 =055¢,=3 t,0,=
X, 1T X, | i {1} it {_2}




q Energy Method

Example 7

o

rlzxz—>V1:xz—>[V1 =X

ry=xi+Le'’ >V,=x i +iLfe' - ,[ =x7+(L6)*+2x (L6)cos(0)

T =%m I +%m2 v, I =%mx'2 +%m2 (x'2 +(L6)*+24 (Le')cos(e))
1

U =5(K1 +K,)x* —m,gL cos(0)




L} Energy Method h

1 | > 1 ., 1 | : I
T:Em V. +§m2‘V2‘ :me2+§m2(x2+(l,9)2+2x (LH)COS(H))
U :%(K1+K2)x2—m2gL cos(6)
dfar) or av_
dt\ o4, | oq, oq,

l

0,

d

g, =x —)E(mx +m,X +m2(L9)cos(9))—O+(K1+K2)x =0

—(m +m,)x +m,L cos(0)0 +m,LO *sin(0)-0+(K, +K,)x =0

q, =60 — j—t(mszéerzx'L cos(@))+m2x' (Lé)sin(9)+m2gL sin(6) =0

—m,L’0 +m,L cos(0)% —m,xLOsin(0)+m,x (Lé)sin(9)+m2gL sin(6) =0

—m,L*0 +m,L cos(0)% +m,gL sin(0)=0

N _/
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Energy Method

{(m +m,)x +m,LO+ (K, +K,)x

m, L0 +m,LxX +m,gL0 =0

m+m,
m,L

m,L

2
m,L

|

£

0

i

(K, +K,)
0

0

0
m,gL

|




-

Energy Method

® Example

Use Lagrange’s equations to derive the differential equations governing the motion of the

system of Fig. 5-5 using x;, x,, and @ as generalized coordinates. Write the differential
equations in matrix form.

2r

- |

The kinetic energy of the system at an arbitrary instant is

T - :'fl 912 + U:B:z +-!&_"’lj1
The system's potential energy at an arbitrary instant 1s

V = ik(x = r8,) + \3k(2r6, = 2r6,)’




-

Energy Method

The lagrangian is

L= 'i": é': + yzézz + '&"T-‘fz i ik{-" =3 "ﬂx)z - 13k(2r8, — E’Hr}z

Application of Lagrange’s equations leads to

d (ﬂ) _a_i;_o
di \a8,/ a8,

5 (18,) + [k(x — r8,)(—r) + 3k(2r, — 2r8,)(2r)) =0

d(&L) L _o

a6,/ a6,

dt
- (e
E;“zoz] + 3k(2r8, — 2r8,)(~2r)=0

o (&L) al.
— (=) -—= 0
de \ 9x ax

5}(”!.!") +k{x—r8,)(1)=0

Rearranging and writing in matrix form leads to

L 0 0|8 13kr® —12kr* —kr || 8, 0
0 L 0]l 8, |+]—12kr 12kr° 0 g |=]0
0 0 m]JLX —kr 0 k X 0




/H Energy Method

® Example

Use Lagrange's equations to derive the differential equations governing the motion of the
system of Fig. 5-6 using €, and 6, as generalized coordinates.

Il B A

o, 8,
a a ldentical slender
bars of length L, mass m
¢
L AAAAM—
S S

The kinetic energy of the system at an arbitrary instant is
T=im( L0+ smL2@ + im(LL6,) + | smL?6;}

The potential energy of the system at an arbitrary instant is

! L
V=—-—mg 5 cos a, —mg‘z—‘cus 6, + ;:‘k[ﬂ sin 6, = a sin 8,)°




Energy Method

The lagrangian is
11 R | . L
L= 2 imLze'? +£5mL’B;? +mg 'ECOS 8, + mg 2 cos 6,
1 . .
— 5 k(asin 6;— asin 6,)’

Application of Lagrange’s equations leads to

d ol
d:(aé.)"ae.zo

. (lmLzé,) - [mg . sin 8, + k(a sin 8, — a sin 8,)(—a cos B.)} =()

dr \3 2
E(‘?'_L,)_GL_U
dr\aB,) a8,

B L., : -

:ﬁ(imt 9:)* mg = sin 6, + k(a sin 6, ~ a sin 6,)(a cos 6;) [ =0

Linearizing and rearranging lecads to

| T S L0
3mL9.+(mg2+ka)6. ka‘6;=0

: %mL’ﬁ, - ka’@, + (mg % - ka’)ﬂz =(




L} Energy Method

* Example — Solving by Matlab

i

ko

Al s F5(1) '_‘ﬂ
(n /\/5\ M —ro
B N

T =1M;gz+l lmLz)éz
2 2\ 3

1 2 L L
U=—k(y—-LO) + —+—(1—-cos@
sk (2-L6) +mg( S+ 21-cos0)|

W =1:15;(+F2%59




/H Energy Method

1(1 S > L L
My +=| —mL* 0> —=k (y—-LO) — ~ +~=(1-cos®
% 2(3'” j 2 (% ) mg(z 2( i )j

2
d(a‘f —(‘% =0, —>j—t(Mj()+k(;(—L9)=Iﬂ —M y+k y—kLO=F,
X

%j =0, 9%(%mL29j—kL (x—L9)+mg%sin9 =F,

mL2é+(kL2 +mg %jH—kL;( =

M 0 | k —kL Al
1 Z + L it A A
0 5mL2 0] |-kL kL2+ng 0| |=F,

L
PRk




q Energy Method

o

o Solving by Matlab (Parametric)

clc;clear;

symsLmMkwg L
1/2 I Mm (6LMk+2Lkm+3Mgm+ (36L M k +24T Mk m
¥ 4 3 2 2 2 2 F1r2 142
mm +4L k m +36LM gkm-12LTMgkm +8M g m) ) /(L
Mo
O *| * .
lll [ 2 2 2
] [-1/2 (LMm (LMk+2Tkm+3Mgm+ (36T M k + 24
2 2 2 2 2 2 2 2 2 2
* L Mk m+4L k m +36LM gkm-12LMgkm +9M g m)
—
kk=[k -k*L
/2 1/2
m
* * * * * [ 2 2 2 2 2
_k L k L L+m g L/ 2]' [1/2 L Mm (6LMk+2Lkm+3Mgn - (36L M k +2{L Mk m
) 2 2 2 2 2 3 B BArE e
441 k m +36LM gkm-12TMgkm +9M g m
| R :
n -Mm"wwW -
J
L

D=simplify(det(A)); i
fr=factor(simplify(solve(D,w)))




/—+ Energy Method h

o Solving by Matlab (Numeric)

clc;clear;
L=1; m=1; M=2; k=1000; g=9.81;
mm=[M 0

* * . e Ea rogram Files\MATLAB\R2012a} bin\UntitledS.m o x
0 m™L L/3]’ NEE| B9 |- (e f|b-80 0 0RE BB s - ft [0 - x
kk=[k -k*L B[ - v [+l [« [E5[0 o

—e ; : Eiizciiif,M=2; k=1000; g=9.81~ 3

S SO - ...,
all= kk=[k —k*L' =
1 — 5 =\f . i R, % e ;
[phl fr2]_e|g(kk,mm)1 f’— [phi ]Er;]=e]£gl(.kif:un?;|L/2] ol
i hi

F)r]i g % ?fésqrt(fIZJ t

Command Window 02 X

fr=sqrt(fr2)

phi =
-0.6550 —0.2663
-0.6523 1.6045
fr =
1.4473 o

0 59.2674




